Abstract. We present a systematic study of galaxy bias in the presence of primordial nonGaussianity in General Relativity (GR) at second order in perturbation theory. The nonlinearity of the Poisson equation in GR and primordial non-Gaussianity are consistently included. We show that the inclusion of non-local primordial non-Gaussianity in addition to local non-Gaussianity is important to show the absence of the modulation of small scale clustering by the long-wavelength mode in the single field slow-roll inflation. We study the bispectrum of the relativistic galaxy density in several gauges and identify the effect of primordial non-Gaussianity and GR corrections.
Introduction
Our current understanding of the initial conditions of the Universe is mainly based on the measurements of temperature anisotropies of the Cosmic Microwave Background Radiation (CMBR) [1, 2] . The CMBR analysis shows that the initial density field is almost Gaussian, however, there is still a large uncertainty in the amplitude of primordial non-Gaussianity [3] . Future Large Scale Structure (LSS) surveys such as EUCLID [4] , LSST [5] and SKA [6, 7] , as well as cross-correlations between these surveys, promise to tighten the constraint on the amplitude of primordial non-Gaussianity to less than 1% [8, 9] .
It was shown that primordial local non-Gaussianity modulates galaxy clustering on small scales and induces a scale dependence in the galaxy bias on large scales [10] [11] [12] . This effect provides a novel way to constrain primordial non-Gaussianity using LSS. However, probing primordial non-Gaussianity with LSS requires an accurate modelling of the formation and evolution of tracers of LSS within General Relativity (GR) [13] [14] [15] . On very large scales, the effective field theory has been developed as a formalism to study galaxy bias [12, 16, 17] . Within this framework, it has been shown that primordial non-Gaussianity in the standard single-field slow-roll inflation model [18] does not leave any observable imprint on galaxy clustering in the squeezed limit since it constitutes an adiabatic mode that can be removed by appropriate local coordinate transformations [19] [20] [21] . Therefore, the detection of an imprint of primordial non-Gaussianity in the squeezed limit will imply that more than one scalar field played a role during inflation.
The study of non-Gaussian initial conditions on galaxy bias has so far been limited to linear order [22] [23] [24] [25] , and an extension to second order is limited to the Newtonian approximation of gravity [12, 17] . In Ref. [26] , we identified GR corrections to the relativistic galaxy density with the Gaussian initial condition. In this paper, we include primordial nonGaussianity and study the bispectrum of the relativistic galaxy density in several gauges to highlight the difference between primordial non-Gaussianity and GR corrections.
We treat galaxies as biased tracers of the total mass distribution, which is dominated by dark matter [27] . In GR, this implies that the Lagrangian bias model must be formulated in a gauge where both dark matter and galaxies are comoving, i.e in Comoving-Synchronous gauge (C-gauge). C-gauge defines a unique Lagrangian frame in GR [28] . Another key ingredient in formulating galaxy bias in GR is the equivalence principle, i.e. galaxy formation is determined only by local physics. This requires us to adopt appropriate local coordinates to describe small scale clustering 1 . To apply the effective theory approach, the final step is to decompose the dark matter density into long and short wavelength modes and smooth over the short modes to describe the evolution of the long-wavelength mode while hiding our ignorance of small scale physics in the bias parameters.
This paper is organised as follows. In section 2, we introduce the Poisson equation in global coordinates in GR and show that the short wavelength mode of the matter density is modulated by the long-wavelength mode in local coordinates only with primordial nonGaussianity beyond the standard single-field slow-roll inflation. In section 3, we derive the galaxy bias model with a non-Gaussian initial condition in C-gauge and then show how to transform it to Eulerian frames in section (4) . We study the bispectrum of the relativistic galaxy density in section 6 and conclude in section 7. Notations: We adopt the following normalisation for the Taylor series expansion of a quantity X: X =X + X
(1) + X (2) /2 wherē X denotes the FLRW background component. We decompose each perturbed quantity at order n into two parts
GR denotes the general relativistic corrections. The world-lines in C-gauge are labelled by the comoving coordinates q. For the numerical computation, we adopt the following values for the cosmological parameters: Hubble parameter, h = 0.678, baryon density parameter, Ω b = 0.0485, dark matter density parameter, Ω cdm = 0.2595, spectral index, n s = 0.9608, and the amplitude of the primordial perturbation, A s = 2.198 × 10 9 . We assume that the universe consists of dark matter and the cosmological constant and ignore the effects of radiation.
Modulation of short mode of the matter density in General Relativity
The initial conditions for the cosmological perturbation are set in terms of the gauge-invariant curvature perturbation, ζ ini , on uniform density hypersurfaces. ζ ini is generated during inflation but remains constant (frozen) once it exits the horizon in a single field slow-roll inflation [30, 31] . This allows the initial conditions for matter-energy density to be fixed deep in the matter-dominated era in terms of ζ ini . In the local non-Gaussian model, the initial curvature perturbation up to second order in perturbation theory is given by [32] ζ ini = ζ
where ζ (1) ini denotes the linear part of the initial curvature perturbation, which is Gaussian. f NL denotes the amplitude of the non-linear contributions or the amplitude of local primordial non-Gaussianity. In general, there is also a non-local term that contributes to ζ (2) ini which becomes important for the matter density in the squeezed limit. Including this non-local contribution, (2.1) becomes [18, 33] 
where we have introducedf NL to denote the amplitude of the non-local term. For the single field slow-roll inflation model,f NL can be calculated exactly in terms of the slow-roll parameters [18, 33] . Similarly, we can write ζ (1) ini in terms of the initial gravitational potential ζ (1) ini = −5ϕ (1) ini /3
Implementing these initial conditions and including the non-linear contributions from the perturbation of three-dimensional Ricci curvature [34, 35] leads to a Poisson equation for the matter density field in a ΛCDM universe
where H ≡ H(η) is the conformal Hubble parameter, Ω m ≡ Ω m (η) is the matter-energy density parameter and ϕ ini (q) is the initial time-independent potential. In the Gaussian limit of the Newtonian approximation, δ GR,C → 0; the Poisson equation becomes a linear equation at all orders in perturbation theory [36] . However, in GR, even in the Gaussian limit (f NL =f NL = 0), the Poisson equation is non-linear beyond the linear order in perturbation theory [37] . The GR non-linear correction is denoted as δ GR,C . We will make the following definitions to simplify the expressions; ϕ(q) ≡ ϕ(η, q), and δ m (q) ≡ δ m (η, q). In the limit f NL → 0 we recover the results presented in [37, 38] . The non-local primordial non-Gaussian term modifies the amplitude of ∂ i ϕ(q)∂ i ϕ ini (q) contribution in the Poisson equation. With respect to the length scale of galaxy formation, we can split the Poisson equation (2.4) into short and long wavelength modes
where we have neglected ∇ 2 ϕ l (q), ϕ inis (q), ∂ i ϕ s (q)∂ i ϕ inis (q) and ϕ inis (q)∇ 2 ϕ s (q) since they are subdominant and we focus on the coupling between the short and long modes. In this limit, it is clear that the short wavelength mode of the matter density is modulated by the long mode coming from two physical origins: primordial non-Gaussianity and non-linearity in GR. The latter contribution remains even in the limit f NL → 0 andf NL → 0. It was shown in [26] that the contribution due to the non-linearity of GR to the matter density field can be removed by a large gauge transformation, which does not vanish at infinity. This residual gauge transformation is related to the non-linearly realised symmetries, which give rise to the consistency relations [39] . Similarly, it was shown that this contribution ϕ inil (q)∇ 2 ϕ s (q) to the short mode of matter density due to primordial non-Gaussianity can be removed using the dilatation part of the large gauge transformation for a class of single field inflation model [20] . It is still an open question whether all the long/short mode coupling given in equation (2.5) can be removed by the residual gauge transformation in the single field slow-roll inflation. We shall explore this in detail by studying also the contribution from the gradient term in the presence of non-local primordial non-Gaussianity.
The action for the curvature perturbation in the single field inflation is invariant under the following transformation [40] η = η , (2.6)
where ϕ ini (0) is the leading order term in the gradient expansion of ϕ ini (q) evaluated at the peak of the dark matter density field;
Here we have defined
. The coordinate transformation given in equation (2.7) is consistent with Conformal Fermi Coordinate (CFC) construction given in [19, 21] . The second term in equation (2.7) corresponds to the Dilatation (denoted as D) while the last two terms correspond to the special conformal transformation (denoted as K). Under these transformations, the short mode of the matter density field transforms in Fourier space as
Further simplification of these expressions shows that δ s (q) transforms as 2
The second term on the right-hand side corresponds to the response of the short mode density to the dilatation, while the last term results from the special conformal transformation. The function Y is given by 12) and it vanishes in the scale invariant limit [26] . The non-linear terms in equation (2.11) are generated purely from the coordinate transformation given in equation (2.8).
We shall now compare equation (2.11) to equation (2.5). Evaluating equation (2.5) at the peak of the matter density similar to equation (2.8), the non-linear part of the matterenergy density field becomes
where we have made use of the expansion given in equation (2.8)
We now show that (2.13) agrees with (2.11) in the single field slow-roll inflation. At the leading order in slow-roll parameters, the primordial non-Gaussian parameters are given by [18, 40] 
where n s is the spectrum tilt of the power specturm of the initial curvature perturbation. At the leading order in slow-roll parameters, Y is given by
Then it is straightforward to show that (2.13) agrees with (2.11). This means that in the single field slow-roll inflation, the second order GR contribution is solely generated by the coordinate transformation. This implies that the GR contribution can be removed by the coordinate transformation and it does not contribute to the formation of galaxies on small scales. On the other hand, in multi-field models, the primordial non-Gaussian contributions f NL andf NL cannot be removed by the local coordinate transformation and they will affect the galaxy bias.
Galaxy density in Lagrangian frame with relativistic corrections
Assuming that the galaxy number density obeys a conservation equation [17] , the galaxy density contrast at τ is given in terms of the galaxy density at a formation time according to
where δ L g (q) = δ g (τ ini , q) denotes the initial galaxy density contrast or the Lagrangian density. The question left to be answered is how to specify δ L g in terms of the primordial curvature perturbation or the primordial gravitational potential ϕ ini . We have shown in section 2 that the effect of the homogeneous potential ϕ ini 0 and constant gradient ∂ i ϕ ini 0 can be removed by coordinate re-definition in the single field inflation model. This implies that δ L g can only be expressed as a functional of terms with more than one spatial derivative of
At the leading order, we construct observables from the irreducible decomposition of ∂ i ∂ j ϕ ini 0 ;
where s 0ij = D ij ϕ ini 0 is the initial tidal tensor (i.e the electric part of the Weyl tensor [41] ) and ∇ 2 ϕ ini 0 is related to the initial matter density via the Poisson equation. For the single field inflationary model, δ L g can only be specified as a functional of δ ini m and s 2 ini [26] :
However, if the inflationary model deviates from the standard single field slow-roll model a non-vanishing coupling between long and short wavelength modes is induced in the matter density field. In this case, we may specify
We have decompose each contribution into long and short wavelength modes. We now perform a series expansion in the long mode while the short mode contribution is hidden in the Lagrangian bias parameters that are constructed by coarse-graining the short mode at a galaxy formation scale R g ;
where we have adopted the two-index notation introduced in [42] for the Lagrangian bias parameters:
The indices i and j correspond to the number of derivatives. We did not use the two-index notation for the tidal bias since it appears only at second order. Substituting equation (3.5) in equation (3.1) in local coordinates gives
where we have used (3.5) for δ L g . Here δ (2) mGRl is the long-wavelength part of the GR correction to the matter density in C-gauge;
We can obtain the galaxy density in global coordinates by performing a coordinate transformation of equation (3.8):
Applying the same coordinate re-mapping to the matter density δ l (q) and requiring that equation (3.8) holds order by order, i.e
where we omitted the subscript l since all the terms are given by the long mode and set δ l (q) = δ (1) m (q), which agrees with the Newtonian density.
Galaxy density in Eulerian frame with relativistic corrections
In GR, perturbations change under a general coordinate transformation
Here T stands for a temporal gauge transformation and L i corresponds to a spatial gauge transformation. We decompose L i = ∂ i L + β i , where ∂ i β i = 0. We will consider two different gauge choices which correspond to the Eulerian frame, the Total matter gauge (T-gauge) and the Poisson gauge (P-gauge). The gauge transformation of the matter-energy density field from C-gauge to these gauges up to second order in perturbation theory is given by [38, 43] .
In the case of T-gauge, the scalar part of the gauge transformation at first order is given by [38] 
At the second order, the galaxy density and the primordial gravitational potential in C-gauge transform to the corresponding expression in T-gauge as [44] δ (1) gC (x) = δ
3)
We can now rewrite the galaxy density in a more compact form by introducing the Eulerian bias parameters
mN,T is the Newtonian approximation of the matter density in T-gauge
and F is the second order matter density growth factor, which satisfies the following equation Equations (4.9) and (4.10) reduce to well-known expressions for the non-linear bias and tidal parameters in the Einstein de Sitter limit by setting F = 3D 2 /7. We obtain the Newtonian result in the Eulerian frame by replacing equation (4.12) and equation (4.14) by [45, 46] 
In the Gaussian limit, this set of bias parameters vanishes {b 01 , b 11 , b 02 } → 0 and we are left with
17)
20)
These results agree with [26] . For the single field inflation models all the bias parameters that depend on the short mode component of ϕ ini vanish and the galaxy density becomes
where the last line still carries information about primordial non-Gaussianityand non-linearity of GR. In the case of unbiased tracers with b 10 = 1, b 20 = b s 2 = 0, this expression agrees with the dark matter density in T-gauge as expected. This correction arises due to distortions of the volume element determined by the matter-energy density [26] . There is no modulation of small scale physics by the long mode and the bias parameters are not affected by primordial non-Gaussianity nor non-linearity of GR in the single field inflation. Next, we consider the galaxy density in the Poisson gauge (P-gauge). The gauge transformation from C-gauge to P-gauge for the galaxy density at linear order is given by [47, 48] δ (1) gP (x) = b 10 δ (1) mNT (x) + b 01 ϕ in (x) + 3Hv
(1) (x) , (4.23)
where v (1) is the velocity potential. We neglected the contribution from the evolution bias for simplicity. At the second order, the galaxy density in P-gauge is given by
where Φ is the Bardeen potential in P-gauge and we made use of the second order expression for the galaxy density given in [47, 48] and implemented the galaxy bias model given in equation (4.5) . Note that we made use of the linear order Euler equation to substitute for v , 25) and use equation (4.23) to obtain δ (1) gT (x) = b 10 + b 10 f H δ (1) m (x) + b 01 ϕ in (x) and we introduced the growth rate defined as D = Df H.
Linear and non-linear scale dependent bias
We show how the scale dependent bias emerges at first and second order in perturbation theory with primordial non-Gaussianity. First, we expand the galaxy density in Fourier space;
where X = P, T stands for a different gauge and K (1) X is a gauge dependent kernel. The specific form of K X is obtained by expanding the galaxy density in Fourier space. In equation (5.2), we subtracted off the ensemble average of δ (2) g P to ensure that δ g P = 0 [49] . For the galaxy density in T-gauge, the kernel is obtained by expanding equation (4.5) in Fourier space
where b [11, 50] . Following [45] , we express ϕ ini (x) in terms of the evolved matter density
where we introduced an auxiliary function
Using ag = D, aΩ m H 2 = Ω m0 H 2 0 and g(0)/g ini ∼ 1.3, we recover exactly the relation given in [45] . Note that our Φ in is related to the the Bardeen potential Φ B in according to Φ B in = −Φ in [11, 38, 45] . From equation (2.3), it implies that our f NL has an opposite sign compared with the f NL defined with respect to Φ B in . Similarly, we obtain the scale dependent non-linear bias parameter
This is a combination of the following terms
are the usual second order Newtonian matter density and tidal tensor kernels
where we have made an Einstein de Sitter assumption in F 2N . Furthermore, N 2 is given by
This term represents the effect of volume distortions due to a displacement of the galaxy position in the Eulerian frame. In the Newtonian limit, only the value of two bias parameters change 13) where b N 11 and b N n 2 are given in equation (4.15) and (4.16), respectively. In Poisson gauge, the kernels are obtained from equations (4.23) and (4.24)
(5.14)
where
m (k)/k 2 and, at second order, we introduced G 2 , which is the Fourier space kernel for a collection of the peculiar velocity and its correlation with the galaxy density and gravitational potential
Here G 2N and G 2GR are the Newtonian and the GR correction to the Newtonian kernels of the intrinsic peculiar velocity contribution at second order, respectively and G 2Q is a collection of terms quadratic in first order terms
f Ω m (5.18)
Here we used H = H 2 (1 − 3Ω m /2), which is valid for a cosmological constant and matter dominated universe, and introduced the following definitions for clarity
(5.21)
Note that in P-gauge, in addition to the presence of f NL in the scale dependent linear and nonlinear bias parameters, i.e b (2) and b (1) , the effect of the primordial non-Gaussianity is also contained in G 2GR and Y 2 . This is coming from the temporal component of the gauge transformation vector, in P-gauge, which corresponds to the peculiar velocity potential.
Bispectrum

Galaxy bias from halo model
There are 6 unknown Lagrangian bias parameters to be determined from observations or simulations. We can reduce the number of unknown Lagrangian bias parameters to 3 by invoking a halo model, i.e we assume that galaxies are resident in collapsed haloes of a certain mass range dM . The number density of haloes of mass M is given by [51] 
whereρ is the background matter density, f ν (ν) is the multiplicity function [51] , ν denotes the peak height, and σ nG is the variance in the matter density field smoothed on a Lagrangian mass scale M . For simplicity, we neglect the non-Gaussian correction to the variance in the matter density field σ G ≈ σ nG [44, 45] . Assuming a Sheth-Tormen (ST) model for f ν (ν) [52] , it is straight forward to obtain the following Lagrangian halo bias parameters [45] :
The corresponding galaxy bias parameters are obtained by averaging over the halo bias parameters [53] 
where b L hij denotes the halo bias parameters, N g |M denotes the number of galaxies contained within a single dark matter halo of mass M , M − and M + are the lower and upper mass limits of haloes that can host a particular type of galaxy. To calculate N g |M , we consider a Euclid-type H-α galaxy survey and follow the modelling described in [53] which is based on the analysis given in [54] . Using equations (4.8) and (4.9) we find that the best fit 'fundamental bias parameters' are given by
We neglect the initial tidal bias parameter and in this limit b 2 s is easily obtained from equation (6.3) . Similarly, other bias parameters can easily be expressed in terms of equations (6.3) and (6.4);
where we followed the steps outlined in [44, 45] . Note that these bias parameters vanish in the limit f NL → 0.
Galaxy bispectrum
General covariance requires that the descriptions of any observable quantity to be independent of coordinate systems. In cosmological perturbation theory, there is an additional requirement of gauge invariance associated with the mapping between the background spacetime and the physical spacetime. To construct observables such as the galaxy number count at non-linear order, one has to choose a coordinate system appropriate for an observer (i.e. past-lightcone) and compute the observables accordingly [55] . In this paper, we will not discuss the observed galaxy bispectrum. Rather we compute the galaxy bispectrum B gX of the relativistic galaxy density on the hypersurface of a constant time in a given gauge including the GR corrections and compare it to the Newtonian approximation. This is a gauge dependent quantity but it plays the central role when computing the observed galaxy bispectrum. The galaxy bispectrum in X gauge is given by
m (k ) is the matter power spectrum, 2 perms. denotes two cyclic permutations and K X is the Fourier space kernel for the galaxy density perturbations given in section 5. For short wavelength modes that enter the horizon in the radiation dominated era, the analytic solutions for the second order perturbation cannot be used. For these modes, we need to use a numerical code such as a second order Einstein-Boltzmann code SONG 3 or an improved analytic solution [56] . This is particularly important for the squeezed configuration while the equilateral configuration is less affected by the radiation effects. Figure 1 . The left panel shows the galaxy bispectrum in P-gauge, T-gauge and the Newtonian limit in Gaussian limit. Similarly in the right panel, we show the galaxy bispectrum for a non-Gaussian initial conditions with the f NL = 2.0 andf NL = 0.0. For both panels we fixed k 2 = 0.0001[hMpc −1 ] and vary k 1 = k 3 = k. Note that our result is valid only for k < k eq ∼ 0.01 due to the fact that we ignore radiation effects.
We show in figure 1 the squeezed shape of the galaxy bispectrum in P-gauge and Tgauge. We compare the bispectrum in these two relativistic gauges to the galaxy bispectrum in the Newtonian limit. In the Gaussian limit, the bispectrum is negative except the Newtonian limit at small k. This feature was first noticed in the Newtonian treatment of the halo bispectrum in [57] . This is due to the contribution of the non-linear bias parameter b 20 ; tracers with the negative b 20 leads to negative galaxy bispectrum. In the Newtonian limit, the bispectrum goes through zero at small k and becomes positive when the tidal bias contribution is important. This feature is absent in the GR bispectrum in both gauges, because GR corrections induce an effective bias parameter b 11 = 20/3 (see equation (4.20) ), which makes b (2) T more negative. The contribution from b n 2 = −5/3 vanishes in the squeezed limit for an equal time correlation. The bispectrum in P-gauge contains additional GR corrections from the temporal gauge transformation. For a non-Gaussian initial condition (the right panel of figure 1 ), the bispectrum in T-gauge and the Newtonian are similar once the primordial nonGaussian contribution dominates over the GR correction. Again the bispectrum in P-gauge is significantly different due to additional GR and primordial non-Gaussian corrections in the temporal gauge transformation. The left and right panels show the galaxy bispectrum in P-gauge, T-gauge and the Newtonian limit for the equilateral shape for the Gaussian and non-Gaussian initial conditions, respectively. Again we setf NL = 0.0.
In figure 2 , we show the galaxy bispectrum in equilateral configurations. For the equilateral shape in the Gaussian initial limit, the bispectrum in the Newtonian approximation is positive and decreases as k → 0. However, the bispectrum in both relativistic gauges deviates strongly from the Newtonian prediction for k < k eq . This is due to the GR effects in the galaxy density, which modify both b 11 and b n 2 bias parameters as discussed above. In particular, b 11 = 20/3 causes that the galaxy bispectrum to become negative at small k since α(z, k) ∝ −k 2 . In P-gauge, it changes sign again due to the positive contribution from the temporal gauge transformation terms. The Newtonian approximation of the galaxy bispectrum also becomes negative with f NL = 0 because b N 11 = −4f NL (b 10 − 1) is negative for b 10 > 1. The difference between the bispectrum in relativistic gauges and the Newtonian limit is small once the primordial non-Gaussian becomes dominant over GR corrections for f NL ≥ 2.
by local coordinate transformations in the single field slow-roll inflation model. In local coordinates, there is no modulation of small-scale clustering by the long-wavelength model. On the other hand, in multi-field inflation models, the primordial non-Gaussianity introduces the modulation of small scale clustering by the long mode.
We then derived the local Lagrangian galaxy bias model in GR at the second order in perturbation theory in various gauges for a generic non-Gaussian initial condition. We found that the non-linearity of GR and primordial non-Gaussianity affect the galaxy density on large scales from distortions of the volume element by the long-wavelength mode. Also, primordial non-Gaussianity affects galaxy bias due to the modulation of small scale clustering by the long mode. In both squeezed and equilateral configuration, the galaxy bispectrum in the Poisson and total matter gauges differ substantially from the Newtonian approximation on ultra-large scales. The galaxy bias model that we derived in this paper is an essential building block for calculating the observed bispectrum of the galaxy number count and/or the HI brightness temperature [48, 55, [61] [62] [63] [64] [65] .
